ON KP-II TYPE EQUATIONS ON CYLINDERS 

AXEL GRUNROCK, MAHENDRA PANTHEE, AND JORGE DRUMOND SILVA 

Abstract. In this article we study the generalized dispersion version of the Kadomtsev-Petviashvili 
II equation, on T x R and T x R^. We start by proving bilinear Strichartz type estimates, de- 
pendent only on the dimension of the domain but not on the dispersion. Their analogues in 
terms of Bourgain spaces are then used as the main tool for the proof of bilinear estimates of 
the nonlinear terms of the equation and consequently of local well-posedness for the Cauchy 
problem. 
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1. Introduction 

In this paper, we consider the initial value problem (IVP) for generalized dispersion versions 
of the Kadomtsev-Petviashvili-II (defocusing) equation on T^; x 

f dtu - iD^l'^d^u + d-^d^u + uda:U = u : Mt x x ^ M, 
\ uiO,x,y) = uo{x,y), 

and on x 

f dtu - \Dx\'^d^u + d-'^AyU + ud^u = u : Mt x T^; x ^ M, 
\ u{^,x,y) = uo{x,y). 

We consider the dispersion parameter a > 2. The operators \Dx\°'dx and are defined by 
their Fourier multipliers i\k\°'k and {ik)~^ , respectively. 

The classical Kadomtsev-Petviashvili (KP-I and KP-II) equations, when q = 2, 

dtu + d^u lb d~^dyU + udxU = 

are the natural two-dimensional generalizations of the Korteweg-de Vries (KdV) equation. They 
occur as models for the propagation of essentially one-dimensional weakly nonlinear dispersive 
waves, with weak transverse effects. The focusing KP-I equation corresponds to the minus (-) 
sign in the previous equation, whereas the defocusing KP-II is the one with the plus (-I-) sign. 

The well-posedness of the Cauchy problem for the KP-II equation has been extensively stud- 
ied, in recent years. J. Bourgain [Ij made a major breakthrough in the field by introducing 
Fourier restriction norm spaces, enabling a better control of the norms in the Picard iteration 
method applied to Duhamel's formula, and achieving a proof of local well-posedness in L^(T^) 
(and consequently also global well-posedness, due to the conservation of the norm in time). 
Since then, a combination of Strichartz estimates and specific techniques in the framework of 
Bourgain spaces has been used by several authors to study KP-II type equations in several set- 
tings (see [9], [To], [13], [H], [15], [16], [17] and references therein). Recently, an optimal result 
was obtained by M. Hadac [6] for the generalized dispersion KP-II equation on R^, in which 
local well-posedness for the range of dispersions | < a < 6 was established for the anisotropic 
Sobolev spaces H'^''-'^'^{M.'^), provided si > max(l — |a, | — |a), S2 > 0, thus reaching the scal- 
ing critical indices for | < a < 2. This includes the particular case a = 2 corresponding to the 
classical KP-II equation. In this case the analysis was pushed further to the critical regularity 
by M. Hadac, S. Herr, and H. Koch in [8], where a new type of basic function spaces - the so 
called ?7P-spaces introduced by H. Koch and D. Tataru - was used. Concerning the generalized 
dispersion KP-II equation on M^, a general result was also shown by M. Hadac in [7], which is 
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optimal in the range 2 < a < ^ by scaling considerations. For the particular case a = 2, he 
obtained local well-posedness in H^^'^^{M.^) for si > ^ and S2 > 0. 

In this article, we aim to study the local well-posedness of the initial value problem for the 
general dispersion KP-II type equations ([1]) and ([2]), on the cylinders T^. x My and T^; x 
respectively. We will show that the initial value problem ([1]) is locally well-posed for data 
no G -fr'*i'*2(T X M) satisfying the mean zero condition J^^ u{x,y)dx = 0, provided a > 2, 
si > max(| ~ f ) I ~ f )) and S2 > 0. Combined with the conservation of the L^,j^-norm this 
local result implies global (in time) well-posedness, whenever si > and S2 = 0. Concerning 
([2]) we will obtain local well-posedness for uq G H^'^'^^(T x MP), satisfying again the mean zero 
condition, in the following cases: 

• a = 2, si> ^, S2 > 0, 

• 2 < a < 5, si > S2 > 0, 

• 5 < a, si > S2 > 0. 

For a > 3 our result here is in, and below, L^y. In this case we again obtain global well-posedness, 
whenever si > and S2 = 0. 

We proceed in three steps. First, in Section 2, we will establish bilinear Strichartz estimates 
for the linear versions of ([I]) and ([2j), depending only on the domain dimension but not on the 
dispersion parameter. We believe, these estimates are of interest on their own, independently of 
thJ. .ppli»t.„„ he J In .he second *p, in Section 3, we will use these Strichartz estimates to 
prove bilinear estimates for the nonlinear term of the equations, in Bourgain's Fourier restriction 
norm spaces. Finally, in Section 4, a precise statement will be given of our local well-posedness 
results for the associated initial value problems, with data in Sobolev spaces of low regularity. 
Their proofs follow a standard fixed point Picard iteration method applied to Duhamel's formula, 
using the bilinear estimates obtained in the previous section. In the appendix we provide a 
counterexample, due to H. Takaoka and N. Tzvetkov [18], concerning the two-dimensional case. 
This example shows the necessity of the lower bound si > | — § and hence the optimality (except 
for the endpoint) of our two-dimensional result in the range 2 < a < |. For higher dispersion 
(a > |) we unfortunately lose optimality as a consequence of the case when an interaction of 
two high frequency factors produces a very low resulting frequency. The same problem occurs 
in three space dimensions, but the effect is much weaker. Here, by scaling considerations, our 



For example our two-dimensional space time estimate, which is equally valid for the linearized KP-I equation, 
together with the counterexamples presented later on gives a definite answer to a question raised by J. C. Saut 
and N. Tzvetkov in [161 remark on top of p. 460]. 
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result is optimal for 2 < a < 5, and we leave the line of optimality only for very high dispersion, 
when a > 5. 



Strichartz estimates have, in recent years, been playing a fundamental role in the proofs of 
local well-posedness results for the KP-II equation. Their use has been a crucial ingredient for 
establishing the bilinear estimates associated to the nonlinear terms of the equations, in the 
Fourier restriction spaces developed by J. Bourgain, the proof of which is the central issue in 
the Picard iteration argument in these spaces. Bourgain p!] proved an — Strichartz-type 
estimate, localized in frequency space, as the main tool for obtaining the local well-posedness 
of the Cauchy problem in L^, in the fully periodic two-dimensional case, (x,y) G T^. J.C. Saut 
and N. Tzvetkov [l5j proceeded similarly, for the fifth order KP-II equation, also in as well 
as T^. Strichartz estimates for the fully nonperiodic versions of the (linearized) KP-II equations 
have also been extensively studied and used, both in the two and in the three-dimensional cases. 
In these continuous domains, and M^, the results follow typically by establishing time decay 
estimates for the spatial L°° norms of the solutions, which in turn are usually obtained from the 
analysis of their oscillatory integral representations, as in [3],[TT] or [13]. The Strichartz estimates 
obtained this way also exhibit a certain level of global smoothing effect for the solutions, which 
naturally depends on the dispersion factor present in the equation. 

As for our case, we prove bilinear versions of Strichartz type inequalities for the generalized 
KP-II equations on the cylinders T x M and T x M^. The main idea behind the proofs that 
we present below is to use the Fourier transform JF^. in the periodic x variable only. And 
then, for the remaining y variables, to apply the well known Strichartz inequalities for the 
Schrodinger equation in M or M^. This way, we obtain estimates with a small loss of derivatives, 
but independent of the dispersion parameter. 

So, consider the linear equations corresponding to ([1]) and ([2]), 



2. Strichartz Estimates 



(3) 



dtu-\DXd,u + d-^dlu = Q, 



respectively 



(4) 



dtu - \DXdxU + d^^AyU = 0. 



The phase function for both of these two equations is given by 
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where 0o(^) = \k\"'k is the dispersion term and ^ = {k^rj) G x M, respectively ^ = {k^rj) E 
Z* X is the dual variable to (j;, y) G T x M, respectively (x, y) G T X so that the unitary 
evolution group for these linear equations is e**'^^'^^, where D = — iV. For the initial data 
functions uq, vq that we will consider below it is assumed that uo(0)^) = ^o(0,?7) = (mean 
zero condition). 

The two central results of this section are the following. 



Theorem 1. Let iJj G Cg°(M) be a time cutoff function with ij; = 1 and supp{ilj) C (—2, 2), 

and let uq,vq : x My ^ M satisfy the mean zero condition in the x variable. Then, for si^2 ^ 
such that si + S2 = \, the following inequality holds: 

(5) ||V'e^*'^(^)uoe^*^(^).o|li.^^ < ho||^|iz.i Ibolln-^- 



Theorem 2. Let uo,vq : T^. x ^ M satisfy the mean zero condition in the x variable. Then, 
for si^2 ^ such that Si + S2 > 1, the following inequality holds: 

(6) ||e^*<^(^)noe^*^(^)^;o|li|^^ < holl^^i^. Iboll^-^- 

Choosing uq = vq and si = S2 = ^ + , we have in particular 

y^^^^^uoh^ < \\uo\\ 1 , . 

Note that in the case of Theorem [H in the T^; x My domain, the Strichartz estimate is valid 
only locally in time. A proof of this fact is presented in the last result of this section 



Proposition 1. There is no s such that the estimate 

II (e^*<^(^)no)^||,.^^ < ||I)>o||L.J|no||,.^, 

holds in general. 

The use of a cutoff function in time is therefore required in T x M, whose presence will be 
fully exploited in the proof of Theorem [H In the case of Theorem [21 where y G , the result is 
valid globally in time and no such cutoff is needed to obtain the analogous Strichartz estimat 

As a matter of fact, in the three-dimensional case T x M^, the proof that we present is equally 
valid for the fully nonperiodic three-dimensional domain, M^. As pointed out above, Strichartz 



^In any case, for our purposes of proving local well-posedness in time for the Cauchy problems ^ and ([2]), 
further on in this paper, this issue of whether the Strichartz estimates are valid only locally or globally will not 
be relevant there. 
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estimates have been proved and used for the hnear KP-II equation, in M? and M"^. But being 
usually derived through oscillatory integral estimates and decay in time, they normally exhibit 
dependence on the particular dispersion under consideration, leading to different smoothing 
properties of the solutions. For estimates independent of the dispersion term (pQ one can easily 
apply a dimensional analysis argument to determine - at least for homogeneous Sobolev spaces 
- the indices that should be expected. So, for A G M, if n(t, x, y) is a solution to the linear 
equation ^ on M^, then = Cu{X^t, Ax, A^y), C G M, is also a solution of the same equation, 
with initial data = Cuq{Xx, X^y). An L^^y — H^Ly estimate for this family of scaled solutions 
then becomes 

txy ^^x^y 

leading to the necessary condition s = ^. Theorem [21 for nonhomogeneous Sobolev spaces, 
touches this endpoint (not including it, though). 

2.1. Proof of the Strichartz estimate in the T x M case. 

Proof of Theorem\^ It is enough to prove the estimate ([5]) when si = 1/4 and S2 = 0. 

We have, for the space-time Fourier transform of the product of the two solutions to the linear 
equation § 



where ^ f^id^i) = E 

k=ki+k2 

kik2 

Thus the argument of (5, as a function of r/i, becomes 

g{r]i) ■=T - - 4>{i2) = -ri-{kVi - '^Vhvi + kirf) + r - </>o(A:i) - 4>Q{k2). 

kik2 

The zeros of g are 



± r]ki 
^1 = — ^'^^ 

with 

= — ^ ( (/>o(^l) + <P^ik2) - y - ) , 

whenever the right hand side is positive, and we have 

If )l 



\k\k2\ 



■^Throughout the text we will disregard multiplicative constants, typically powers of 27r, which are irrelevant 
for the final estimates. 
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There are therefore two contributions to ([7]), which are given by 

and the space-time Fourier transform of tp e'^^'^^^^uo c^^'^^^^vq then becomes 



\kik2\ 



u{n)\k\ 



For the estimate of this quantity we may assume, without loss of generahty, that ki and 
k2 are both positive (cf. pg. 460 in [IS]), so that < fci, A;2 < A;. 

We will now prove the result, by breaking up the sum into two cases which are estimated 
separately. 

Case I (a;(ri)^ > ^1^2): 

In this case we start by using the elementary convolution estimate, 

Now, to estimate the norm of the sum, we fix any small < e < 1/4 and Cauchy-Schwarz 
gives 



(8) |/^(r,OlKrP>fcife^ E ^1 



, fcl,fc2>0 



k cj(t) 



^ fcl,fe2>0 



kik2 



k CL'(r) 



uo{ki, — ±Uj{T))Vo{k2, — Ti^{T)) 



r]k2 



The condition u^(r)2 > kik2 implies = \l{<po{h) + (^0(^2)) - - il > so that 

Vhk2 1 



UJiT 



1 ■ 

1 2 
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We also have ^^^"^ < 1^ from which we conclude then that the first factor in ([8]) is bounded by 
a constant independent of k, r, ry, for 



ki,k2>0 



^^^^^^ k,M>o {UMki) + Mk2)) 



< 



which, using Holder conjugate exponents p > l/2e > 2 and q = p/ [p — \) < 2, as well as the 
easy calculus fact that 



sup y^{\{Mki) + Uk2)) - a)-^ < Cs, 



fceN 



A:i>0 



valid for any fixed a > 2 and 5 > 1/2, implies 



V- .-2e hk2 

^ 1 kcuir) 

ki,k2>0 



< a. 



We thus have 



[-^"^(•j^ \w2>kik2 IIlJ 



< 



2e I klk2 
1 ' 



k 



fci,A;2>0 

kiM>0 
2ujk 



dT 



k 



duj. 



Here we have used dr = -^^doj. Integrating with respect to drj and using the change of variables 



rijk-ki) 



=p Lo with Jacobian =pl we arrive at 



\\I^i;C)\u.^>k^k2\\h< E kl^\-uoiki,-)\\l2\\vo{k2,-)\\l2- 

ki,k2>0 

Finally summing up over A; 7^ we obtain 

Wil^ + I')\u;^>kik2 11^2,^, ^ ll^x^^olliljluollil^- 



Case n jiviTif < fcifca) : 

In this case \ T{4>o{ki) + </'o(^2)) — — t'I ^ ^- Here we make the further subdivision 



^-^{|^l<i}+^{|^l>i}- 
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When I '^-^ I < 1 we have 



< 1 + 



T — T\ 



< 2, 



and for every fixed T,k,rjwe have only a finite number of ki 's satisfying this condition. Therefore, 



kik2 



k uj{ti 

\fei>0 



UQ[k\, — ± w(ri))7;o(fc2, — =F w(ri)) 



A;i/i;2 



A; u;(ti) 



Now, the norm of this quantity is bounded by 



> A;i>0 



^^2 



LI. 



,fci>0 



^1. 



where the equahty is due to Plancherel's theorem, apphed to the t, y variables only. By Holder 



r2 



< ||V'|L4||e**?i^^.F,.^zo(/ci,-)llL4ioo||e'4^^^^.t;o(A:2, 



The partial Fourier transform J^x of a free solution with respect to the periodic x variable only 



is, for every fixed k, a solution of the homogeneous linear Schrodinger equation with respect 
to the nonperiodic y variable and the rescaled time variable s := ^, multiplied by a phase 
factor of absolute value one. So, for the second factor on the right hand side of ([9]) we use the 
endpoint Strichartz inequality for the one-dimensional Schrodinger equation, thus producing 
|fei|*||-^x?^o(^i) ■)IIl2, where the ki factor comes from dt = kids in Lf. By conservation of the 
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Ly norm, the last factor is nothing but 11^x^0(^2, Ollig- We thus get 



,fci>0 



^ \ki\M\^xUo{ki,-)\\l2\\TxVo{k2,-)\\l2 < \\D^uo\\l2J\vo\\lI^. 

\ki>0 J 

Finahy, when |-^--^| > 1 => |r — ti| > fe, we exploit the use of the cutoff function; the estimate 

1 



mr-n)\< 



{T-Tl)k^' 

is valid, for arbitrarily large /?, because -0 G (S(M) (with the inequality constant depending only 
on ip and (3). Fixing any such /3 > 1, we can write 



fci>0 



kik2 



< 



k oj{t\) 



X{a;(Ti)2<feifc2}X{|lZli|>i}^''"l 



{r-T^) ^^{krk^fl-'kwin 



kik2 rjki , r w-^n . , 

Uo{kl, -j- ± u(Ti))vo{k2, -r- =F '^(n)) X{a;(Ti)2<feifc2}«n- 



The L'j norm of this quantity is bounded, using the same convolution estimate as before, by 



f sr^ 1 kik2 rjki r]k2 , 

/t, A/3/2 / ^(^1' "T^ ^ ^)vQ{k2, 



Vk2 



ki>0 



k 



duj, 



where we have done again the change of variables of integration dr = ^^du. Applying Holder's 
inequality to the integral, we then get 

^ Jhk^^''''''^'^'{l \Mku^±^)vo{k2,^Tu;)\"d^^ 

2Z / -I- ='=a;)?5J)(A;2, — ^ w) dio\ , 

valid for our initial choice of (3. The proof is complete, once we take the L"^^ norm of this last 
formula, which is obviously bounded by HuoHia ||wo||/,2 . □ 



xy '"^xy 
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2.2. Proof of the Strichartz estimate in the T x case. 

Proof of Theorem\^ We start by proving the easier case, when si^2 > 0. Using again the 
Schrodinger point of view, as in the proof of Theorem [H the partial Fourier transform in the x 
variable yields 

and hence 

k2=k-kiy^Q 

By Plancherel in the x variable and Minkowski's inequality we see that 



fci 



Holder's inequality and Strichartz's estimate for Schrodinger in two dimensions, with suitably 
chosen admissible pairs, give 

(10) We'^'^'^J^^uoih,-) e'^^'J'^vo{k2,-)\\Ll ^ \ki\^\k2\^\\J'^Uo{h,-)\\L2\\J^^Vo{k2,-)\\Lp 
where + = i andpi,p2 < 

Then, an easy convolution estimate in the ki variable yields 



ki 

ki,k2¥=0 



2^ \ki\Pi \\J'^Uo{ki,-)\\L2\k2\P2 \\J'xVo{k2,-)\\Ll 



1 

< 

fc/0 



so that, Cauchy-Schwarz in Ylky^o ^ii^Hy gives 

txy ^^X 

with si = 1/pi and S2 > l/p2 + 1/2. 

For the case in which si = or S2 = 0, we need to be able to replace (fTOj) by the endpoint 
inequality, where all the derivatives fall on just one function 

(11) \\e'^^'J^,uoik,,-)e'^^'J^xVoik2r)\\Ll, < |fci|^ ||^xno(A:i, OIIl^ ||-^x^'o(fe2, OIIl^, 
from which the proof of ^ for this case follows exactly as previously. 



^Because of the failure of the endpoint Strichartz estimate in two dimensions, here we may not admit pi = oo 
or p2 = oo. 
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To establish ([TT]) we start by noting again, as in the previous section, that it is enough to 
consider /ci, ^2 > 0. We write f{y) = TxUo{ki, y) and g{y) = J^xVo{k2, y)- Then 



Introducing u; := rji — ^rj, so that rji = ^r] + to, ri2 = rj — r]i = ^rj — uj and /c2|r/ip + /ci|?72p 
/c|(jp + the latter becomes 

y KP'k^)) ^yf {^V + ^ ^y9 (^y - ^ duj, 

where = r - - 1^ with | VP(a;)| = ^. Using / 6{P{u;))du; = J^^^^^, ^ 

and defining r'^ := ^^(t — ■^), the previous integral can then be written as 

kik2 



V2=V-Vl 



Sir - — — ) J'yf{rii)^y9{V2)dm- 



2kr 



< 



/ci k 



1K2 



k^/r 



by Cauchy-Schwarz with respect to the surface measure of the circle. By taking now the 
norm, using dr = the result is 



kih 



dSui dr 



It remains to take the norm. As above, we introduce new variables r]^ 
ry_ = ^ — u, with Jacobian equal to one, yielding 



2 \ 2 

duj 



^ + LO and 



kik2 



Li\\g\\Li- 



Since /c2 < ^, by our sign assumption, the proof is complete. 



Remark: We define the auxiliary norm 



□ 
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where the ' denotes the conjugate Holder exponent. Then a shght modification of the above 
argument shows that 

(12) ||e^*<^(^)noe^*^(^)z;o||^.^.^ < ||no||^n^. Ibolln-^^^, 

provided 1 < r < 2, si^2 > and si + S2 > ^ + p-. 

2.3. Counterexample for global Strichartz estimate in T x E. 

Proof of PropositionUl Let "^0(0 = '^H)iO — ^(^ ~ ^)xiv)j where ^ 1 and x is the charac- 
teristic function of an interval /, of length 2|/|, symmetric around zero. In this case 

/±(r, = S{k - 2N)^—x{v/2 + u:n)x{^/2 - um), 
I Wat 

with 

u;l = NMN) - — - X- 
By the support condition of X; we have 

2|w7v| < \^ + ujn\ + \^-ujn\ < 2|/|, 

so that > ^- Now, 

1 

—xiv/2 + c^iv)x(^?/2 - iON)diON) ' 

> d{k-2N)N^\I\-^\I\^xiv) 
= 5{k-2N)mx{r]). 



2 



from which 



On the other hand 



so that the estimate 



rkr] 



implies 



Since we may have |/| of any size we want, in particular \I\ ~ N", for any a G R, we conclude 
that no s G M would satisfy the condition. □ 
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3. Bilinear Estimates 



We start by recalling several function spaces to be used in the sequel. All these spaces are 
defined as the completion, with respect to the norms below, of an appropriate space of smooth 
test functions /, periodic in the x- and rapidly decreasing in the y- and t- variables, having the 
property /(r, 0, rf) = 0. These norms depend on the phase function (f){^) = (f){k, rf) = (poik) — 
4'o{k) = m^k, with A; E Z* and G M or 77 E according to whether we work in T x M or 
T X M^. We begin with the standard anisotropic Bourgain norm 



(13) 



Si 



{rirHr-m)'f\\i 



Also, for certain ranges of the dispersion exponent a, we will have to use the spaces ^si,s2,fe;/3 
with additional weights, introduced in [Ij and defined by 



(14) 



X 



r2 



Recall that, for b > 1/2, these spaces inject into the space of continuous flows on anisotropic 
Sobolev spaces C{Mt; H^^'^^), where naturally the Sobolev norms are given by 

\\f\\Hn.2 := wikrivrlhi 

The classical KP-II equation, that is the case a = 2, becomes a limiting case in our consider- 
ations. In this case, due to the periodicity in the x-variable, the parameter b must necessarily 
have the value b = ^. Consequently, in order to close the contraction mapping argument and to 
obtain the persistence property of the solutions, we shall use the auxiliary norms 

{r-m) Y- 



(15) 



cf. [1]. Finally, we define 
(16) 



{kr{r^y^r-m) 



-1 



1 + 



/ 



X 1 

si,s2>-i;. 



Now, we state the bilinear estimates for the KP-II type equations on T x M. 

Lemma 1. Let a = 2. Then, for si > — | and S2 > 0, there exist (3 G (0, ^) and 7 > 0, such 
that, for all u, v supported in [—T, T] x T x M, 



(17) 



|5x.(Mf)||z fl 5, r'^ll^llx 1 \\v\\x 



Lemma 2. Let 2 < a < |. Then, for si > | — f o-'^d 82 > 0, there exist b' > 
(3 G [0, —b'], such that, for all b > i, 



anc 



(18) 



\dxiuv)\\ 



X, 



^ Wnx, 



si,S2,b;0 II ^11 ,S2 ,b;l3' 
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Remark: While in the preceding two lemmas our estimates are at the line of optimality 
prescribed by the counterexample in the appendix, we lose optimality for higher dispersion. 
The reason for this is that the low value of si, on the left hand side of the estimate, cannot be 
fully exploited if the frequency k of the product is very low compared with the frequencies ki 
and ^2 of each single factor. Especially, for the fifth order KP-II equation considered by Saut 
and Tzvetkov in [TJ] and in [15], we cannot reach anything better than si > — |. 

Lemma 3. Let a > |. Then, for •si > | — f cmd S2 > 0, there exists h' > — ^, such that, for 
all b > ^, the estimate (fTH]) holds true. 



The bilinear estimates that we prove on T x are: 

Lemma 4. Let a = 2. Then, for si > ^ and S2 > 0, there exists 7 > 0, such that, for all u,v 
supported in [—T,T] x T x M^, the estimate 

(19) P.MIIz ^ .1 <T^lkllx ^ r.^WvWx^ ^ ,.1, 

holds true. 

Lemma 5. Let 2 < a < 3. Then, for si > and S2 > 0, there exist b' > and [3 G [0, —b'], 
such that, for all b > ^, 

Lemma 6. Let a > 3. Then, for si > max(^^, ^^^) and S2 > 0, there exists b' > —\, such 
that, for all b > \, 

Before providing proofs of these lemmas, let us record some observations regarding the norms 
to be used and the resonance relation associated to the KP-II type equations. 
First of all, note that, for S2 > 0, the following inequality holds: 

which, applied to the inequalities p!7|) . p^ . (pJ|) and ([2T|) . allows us to reduce their proofs to 
the case S2 = 0. Therefore, for simplicity, throughout the remaining part of this paper, we 
abbreviate Xg i, := Xs_o,fe and Xs^-p := ^s,o,6;/3- We do the same for the anisotropic Sobolev 
spaces H'^ := H^'^ as well as for the spaces Yg.p := Ys^.p and Z^-fs := -^s,0;/3 B Only in the case 



^To avoid confusion, we always put a semicolon in front of the exponent of the additional weights. If there is 
no semicolon, this exponent is zero. 
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a = 2 of three space dimensions, where we have to admit an e derivative loss on the y-variable, 
shall we really need all the four parameters. 
We write the Xg^b norm in the following way 

where -D|. and A'' are defined via the Fourier transform by = J^^^{k)^!F and = T~^{t — 
(\)(k^r]))^ T ^ respectively. In the proof of Lemma|3]we will use Dy = [r])'^ T ^ too. Let us also 
introduce the notations a := t — ry), a\ := t\ — (j){ki,r]i) and cr2 := r — ri — (p{k — ki,rj — rji). 
For (f)o{k) = {kl'^k, a > 0, from [6j, we have that 

r(k, ki) = (po{k) - (j)o{ki) - (po{k - ki), 

satisfies 

"a 1 ^ 

(22) I ^min 1 1 ^max I ^ |^(^)^l)| — (o! + 1 + ^^) | A^mm 1 1 ^max | • 

We have the resonance relation 

(23) + 

Note that both terms on the right hand side of (j23p have the same sign, so we have |cji + C72 — 
a\ > \r{k,ki)\. Therefore, from (j22p and ()23p we get the following lower bound for the resonance 

(24) max{|o-|, |ct2|} > min 1 1 kmax \ ■ 



In what follows, the lower bound (j24p plays an important role in the proof of the bilinear 
estimates. 

While we have stated our central estimates in the canonical order, we will start with the 
proof of the simplest case and then proceed to the more complicated ones, partly referring to 
arguments used before. That's why we begin with three space dimensions. 

3.1. Proof of the bilinear estimates in the T x case. Besides the resonance relation 
(I24p the following Xs^f,-version of the bilinear Strichartz estimate will be the key ingredient in 
our proofs in this section: combining (I12p with (a straightforward bilinear generalization of) 
Lemma 2.3 from [2], we obtain 



(25) ll^^ll^i?, ^ \Mx,^Jv\\x,^^„ 

and, by duality. 



(26) 
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provided l<r<2, 6>^, si^2 > and si + S2 > ^ + p-- (For r = 2 we can even admit si = 
or S2 = here.) Taking r = 2 in both estimates above we may interpolate between them, which 
gives 

(27) lliif II Y ^ < \\u\\x ^ ll^^ll V ^, 

\ / II 11^ — SQ, — 5q II \\^s-i,h-i II II^S2j" 

whenever the parameters appearing are nonnegative and fulfih the conditions so + si + S2 > 1, 
^0 + ^1 > ^ as weh as biso = si6o- 

Proof of Lemma\^ We divide the proof in different cases. In ah these cases we choose b' close to 
— ^ so that 6'<— ^,s>2 + (a + 1)6' and s > \ + ^- Then we can find an auxiliary parameter 
5 > (which may differ from case to case) such that the conditions 

(28) 1 + a6' + <5 < and b' + 1-5 <s, 
or 

(29) ab' + 5<s and 6' + 2 - 5 < 0, 
are fulfilled. 

Case a: Here we consider (cr) > {(Ti^2)- By symmetry we may assume |A;i| > |A;2|- 
Subcase a. a: |A;2| < \k\. Here we use the resonance relation ()24p . the bilinear estimate ()25p 
and the condition (|28p to obtain 

< pr^-^"^'+^n|U,J|i)f < MxJHx.,. 

Subcase a.b: If \k\ <^ \k2\, the resonance relation gives 

ll^^+'(HIU„,„ < \m-^'+''iiDf+'u){D-'v))U.^^, 

which can be estimated as before as long as s + 1 + 6' > 0. If s + 1 + 6' G [— |, 0), we choose 
p- = s + I + b'+ and use a Sobolev type embedding, as well as ([2^ . to estimate the latter by 

+'«llxo,Jl^i^+^+^'-^)+HUo, < MxJHx., 

where the last inequality follows from (j29p . If s + 1 + 6' < — ^, we use a Sobolev type embedding 
and (|25p to obtain the bound 

\\{Df+'u){D-'v)\\^,^, < \\Df+'u\\xJ\Di^''^^v\\x,, < ||n||x., Ibllx,„ 

X ty 

since s> j + 

Case b: Next we consider cji maximal. We further divide this case into three subcases. 
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Subcase b.a: |A;|, j/cij > \k2\. Using (p^ . the contribution from this subcase is bounded by 

\\{Df+'+'+^A'n){D':-'v)\\x,,_, 



-b ' 



where (j26j) and (|28|) are used here. 

Subcase b.b: |A;i,2| ^1^1- Here we get the bound 

(31) \\D^+'+'''{Df+'A'n-D-'v)\\x,,_^ 

which is controhed by ([30|) as long as s + 1 + 6' > 0. If s + 1 + 6' G [— 1, 0), we use ([26]) with 
—si = s + 1 + 6' and the condition (|29|) to obtain the upper bound 

Ifs + 1 + 6' < —1, the same argument gives (with a certain waste of derivatives) the upper bound 

\\Df"'^u\\xo^^\\D^^v\\xo,^ < \\u\\x,J\v\\x,,,, 

as long as s > which is a weaker demand as in subcase a.b. 

Subcase b.c: |/c|,|/c2| > \ki\. Here we use (j24p and (|26p with r = 1 and a Sobolev type 
embedding to obtain 

< ||(^)^^AM(^)r'+"''+'^)llxo,_. 

(32) < \\D^:-'A'uu^,. iii^rt-"^'-^)^ 



^ rwu -Ton 



< \\Dx uWxoJD^ v\\xo,f 

Since s > 2 + {a + 1)6' and a > 3 we can choose 6 > with b' — S + ^ < s and | + ab' + S < 0, 
so that the latter is bounded by c||u||x^ Jbll^s 6- '-' 

Remark: Observe that the assumption a > 3 is only needed in subcase b.c. In all the other 
subcases the arguments presented work also for 2 < a < 3, and the only relevant lower bound 
on s in this range of a is s > 

Proof of Lemma O Here we assume without loss that s < ^ and choose b' close to — ^ , so that 
s > 2 + (q + 1)5' and that /3 := '^^]^^ G [0, —b']. Concerning the spaces ^s,b;/3 we recall that for 
(3 > we have 



(33) < 
and that 

(34) ~ 
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if (c) < {k)°^^^. First we consider 

Case a: (a) > (A;)""^^. In this case we have 

(35) \\Dl+\uv)\\x,^^,,^^ ~ \\D!,'''-^'^^^'Huv)\\x,,,^,. 

We divide this case into two further subcases. 

Subcase a.a: |A;i,2| ^ By symmetry we may assume that \ki\ > \k2\, then (j35|) is bounded 

by 

where we have used (p5]) with S2 = s, the assumption s > 2 + (a + 1)6' and ([33]) . 

Subcase a.b: \k\ <^ \ki\ ~ \k2\. First assume that o" is maximal. With this assumption we 
get from that ([55]) is dominated by 



2 ^u-D,^ %)||^2 =||Z?,2 2 



II iin^"+5+ II ^ 



'X 



by our choice of /?, ([25]) with si = S2 = and the fact that s > —^ct + i, which is a 
consequence of our choice of (3 and s>2 + (a + l)6'. 

If o"! is maximal, we obtain similarly as upper bound for ([35p 



where we have used \ki\ ~ \k2\, ([26]) . and s > ^-^a + - 



2 " ' 2 ■ 

Case b: (a) < {k)"~^^. In view of ([34]) we have to show that 
(36) \\D'^'^^iuv)\\xo^^, < \\u\\x,,,J\v\\x,,,,p- 

By earlier estimates - see the discussion of the subcases a.a, a.b, b.a, and b.b in the proof of 
Lemma m - this has only to be done in the case where ai is maximal and \ki\ <C \k\ ~ \k2\. 



Under these assumptions the additional weight in HnHx^j.^ behaves like yj^^ ) , so that ([36 
reduces to 

(37) ll^r'-'^^(™)IUo,„ < \\u\\x^_^,Jv\\x^^,. 
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X 



s — a 



Using again the resonance relation ()24p we estimate the left hand side of ()37|) by 

(38) ^\\Di-'K\ ■ I)^+^+"('''-^)+^|Uo._, 

having used (j26p in the last step. Choosing 5 = 1 + 26' > the first factor becomes 
and the number of derivatives in the second factor is (2 + (a + 1)6')+ < s. Thus (I37p is shown 
and the proof is complete. □ 

To prove Lemma U] we need a variant of (j25p with 5 < ^. To obtain this, we first observe 
that, if si_2 > with si + S2 > ^> ^0,1,2 > with eo + £1 + ^2 > 1, 1 < P < C!0, and 6 > then 

(39) ^ II^IU.i..„JblU.,,,.,- 

This follows from Sobolev type embeddings and applications of Young's inequality. Now bilinear 
interpolation with the r = 2 case of (|25p gives the following. 



Corollary 1. Let si^2 > with si + ,82 = 1 and £0,1,2 > with £q + £1 + £2 > 0, then there exist 
6 < ^ and p < 2 such that 



(40) IIV'(HIIll„^IKIU.,,.,JI^IU. 

and (1391) hold true. 



txy " "--si.ei.fc II \\-^32,S2:l" 



The purpose of the p < 2 part in the above Corollary is to deal with the Y contribution to 
the Z norm in Lemma [H Its application will usually follow on an embedding 

IK<^r^/llL|L^<ll/llL|L?, 

where p < 2 but arbitrarily close to 2. We shall also rely on the dual version of (j40p . that is 

(41) \\uv\\x u<\\^D^>\\r^ \\v\\x 

\ / II \\^^—si, — Ei,—b rs^ II y lllj^^ll II^^S2'^2''^ 

Proof of Lemma^ In this proof we will take S2 = £, si = s and restrict ourselves to the lowest 
value s = ^. Again the proof consists of a case by case discussion. 
Case a: {k)^ < {a). First we observe that 

(42) l|5-(Hllz,,a < +Pr'(n-I?>)IU„„^,. 
The first contribution to (j42p can be estimated by 

< \\J^{D'yU-v)\\L2 n,LUP < ||w||x,,,,J|w||x,,,,,, 
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where we have used Corohary [H for some b < ^. Using the fact@ that under the support 
assumption on u the inequahty 



(43) ||«|U,,,,<r-''||n||x^^,, 

holds, whenever —^<b<b<h, this can be further estimated by T'''||ii||x i i Ibllx i i foi' 
some 7 > 0, as desired. The second contribution to (j42p can be estimated in precisely the same 
manner. 

Case b: {k)^ > {a). Here the additional weight on the left is of size one, so that we have to 
show 

\\dx{uv)\\z,,, <T^\\u\\x 1 1 \\v\\x 1 1- 
Subcase b.a: a maximal. Exploiting the resonance relation (I24p . we see that the contribution 
from this subcase is bounded by 

where p < 2. The dots stand for the other possible distributions of derivatives on the two factors, 
in the same norms, which - by Corollary [T] - can all be estimated by c||it||x^ ^ bll^ll^s e b some 
5 < ^. The latter is then further treated as in case a. 

Subcase b.b: cji maximal. Here we start with the observation that by Cauchy-Schwarz and 
(j43p . for every 6' > — | there is a 7 > such that 

Now the resonance relation gives 

<\\{dIdIA-2u){D~K)\\x,^^, + \\{DlA^u)iD-^^D^yV)\\x,^^, 

+ \\{D-^^DlA-2n){Dlv)\\x,^^, + ||p;^A^n)(D|Z)^7;)||x„,„ • 

Using (j4ip the first two contributions can be estimated by cHuHx 1 H'wllx^ ^ as desired. The 
third and fourth term only appear in the frequency range \ k\ <^ \ki\ ~ \k2\, where the additional 
weight in the \\u\\x 1 1 -norm on the right becomes thus shifting a whole derivative from the 



high frequency factor v to the low frequency factor u. So, using (jlTj) again, these contributions 
can be estimated by 



□ 



'^for a proof see e. g. Lemma 1.10 in [5] 
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3.2. Proof of the bilinear estimates in the T x M case. In two space dimensions we have 
the fohowing X^^fe- version of Theorem [TJ Assmne si^2 > 0, si + S2 = 5 and b > ^. Then, with a 
smooth time cut off function ip, 

(44) \\tpuv\\L2^^ < \\u\\x,^ Jv\\x,^ ,,. 
The dual version of (|44p reads 

(45) Uuv\\x^,^^_, < \\u\\l2J\v\\x,^ ,^. 

Until the end of this section we assume u, v to be supported in [— 1, 1] x T x M, so that we can 
forget about ^ in the estimates. 

Let's revisit the proof of Lemma [6] in the previous section, replacing estimate ()25p and its 
dual version by the corresponding estimates (j44p and (|45p valid in two dimensions, in order to 
prove the pure (i. e. without additional weights) ^-estimate 

\\dx{uv)\\x^^,, < \\u\\x,J\v\\x,^„ 

where b > ^ and s > max (| — — j). As above, we assume s < and choose b' > — ^, but 
close to it, so that b' < (possible for a > 2) and 

/.^N 5 , ,,,, 1 ab' 

(46) s>- + (a + l)6', s>- + —. 

Now we follow the case by case discussion from the proof of Lemma [6j 

The argument in subcase a. a works for all a > 2. Because there is only a loss of j derivative 
in the application of (j44p (instead of 1+, as in (j25p l. we are led to the condition 

(47) 1 + ab' + 6 <0 and b' + ^-6 <s, 

which replaces (I28p and can be fulfilled for some 5 > because of our general assumption ()46p . 

The argument in subcase a.b leads to the same condition, as long as s + 1 + 6' > 0, i. e. for 
a < |. A possible Sobolev embedding does not give any improvement in the two-dimensional 
setting. So, for a > | this contribution is estimated roughly by 

\\{Df-^'u){D-\)\\,.^^ < WDf-^'^KWxJlDr'vWx,, < MxJ\v\K,, 

where we have used the second part of (06]) in the last step. 

In the discussion of subcase b.a we apply the dual version (05|) . with si = instead of ([26j) . 
and end up with condition (|47p again. The only restriction on a arising in this subcase is a > 2. 



KP-II TYPE EQUATIONS 23 

The estimate in subcase b.b is again reduced to that in subcase b.a, as long as s + 1 + b' > 0. 
For s + 1 + 6' G [— |, 0], we use (H5]l with —si = s + l + b'. This leads to the condition 

(48) ah' + 6<s and b' + ^-S<s, 

replacing (j29p . which again can be fulfilled choosing (5 > appropriately by our general assump- 
tion ([Ml). This works for s + 1 + b' > i. e. for a < 3. If s + 1 + 6' < — | (corresponding 
to a > 3) we use ()45p with si = | (thus wasting again several derivatives) and end up with the 
condition s > which is weaker than (|46|) . 

Finally, we turn to subcase b.c (fii maximal, |/i;|,|/i;2| > l^iDi where we used the resonance 
relation (pi]) , to obtain 



0,-b ' 



for some 6 > 0. Now we apply ()45p to estimate the latter by 

provided b' — 6 < s and | + ab' + 6 < 0. Summing up the last two conditions we end up with 
our general assumption (I46p . but for the second of them we need at least | + ab' < 0, which 
requires a > |. Observe that in this case both conditions can in fact be fulfilled for b' close 
enough to — ^. 

Since for a > | the condition s > | — ^ is stronger than s > | — ^, we have proven Lemma 
[3j Next we turn to the proof of Lemma [2l which follows closely along the lines of that of Lemma 

El 

Proof of Lemma\^ With the assumptions on s and 6', as in the preliminary consideration above, 
we choose [5 := ^"'"^"^^ E [0,-6']. We follow the case by case discussion in the proof of Lemma [SI 
beginning with case a, where (a) > (A;)"+^, so that ([551) holds. In subcase a.a, where |A;i^2| ^1^1) 
we merely replace the application of ()25p by that of (|44p . which is justified by assumption (|46p . 
Similarly, in subcase a.b {\k\ <C \ki\ ~ \k2\), under the additional assumption that a is maximal, 
we use (HH) with si = S2 = | and are led to the condition 2s > {b' + f3)a + \, which is a 
consequence of (I46p . The same condition arises, if, in this subcase, ai is assumed to be maximal 
and the estimate ([26ll is replaced by ([45l) . 

In case b, where {a) < {k)"~^^, we have to show (I36p . By the discussion preceding this proof, 
this needs to be done only for ai being maximal and <C ~ \k2\, which amounts to the 
proof of ([36l) . This works as in ([38l) . except for the last step, where we use ([i5l) instead of 
(1261). With the same choice of 6 the number of derivatives on the second factor becomes now 



^ + (a + 1)6' < s, by assumption (HH). □ 



4 
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Our next task is the proof of Lemma [U where a variant of ()44p with 6 < ^ is required. 
The latter will be obtained as before by interpolation with an auxiliary estimate, but with the 
decisive difference that we have to avoid any derivative loss in the y variable, in order to obtain 
a local result in (and below) and hence something global by the conservation of the L^-norm. 
So the simple Sobolev embedding argument applied to obtain (j39|) is not sufficient in two space 
dimensions. Instead of that we will prove the following Lemma, which is partly contained already 
in Lemma 4] as well as in the unpublished manuscript [18j of Takaoka and Tzvetkov. 

Lemma 7. For sq > j, ^<^<|, and > | ~ ^ th,^ following estimate holds true: 

Proof. Since p is close enough to 2, we may assume without loss that 6o < ^. With f{S,,T) = 
{a)-^Ou{(,,T) and g{(,,T) = {a)-''Ov{(,,T) we have 

^(P.--n)-)(e,r) = / |fc,r-/|^^d6dn, 

where (6 r) = {k, r], r) = (A;i+/c2, m+m,n+T2) = (6+6, n+T2), / d^idn = X^^^-^o^fca / drjidn, 
and (71^2 = ''"1,2 — 0(6,2)- Concerning the frequencies k, ki and k2 corresponding to the x-variable 
we will assume that < \ki\ < \k2\ < \k\, see again pg. 460 in [16]. Applying Holder's inequality 
with respect to J dri and [H Lemma 4.2] we obtain 

\HiD~''u)vmr)\< I |A;i|-^o (| |/(6, n)5(6, ^2)^^X1^ (r - 0(6) - 0(6))^"''''t^6. 

We introduce new variables uj = 'ni~^V ^' — k^^'^^ write |A;i|~*o = (| |a;'|^^)(| fcil^'^^lu;' 
where sq = si + S2, £ = ^ apply Holder's inequality with respect to J dS^i to obtain the 
upper bound 

...</(6r) (I |fcir^i^'K|-^1/(6,ri)5(6,r2)rd6rfTi 

where, with o = r - 0o(^i) - ^0(^2) + 

I(6r)P'= ^ l^iT^^p' /■|^/|ep'^^^^y-2feop'^^ 

= c \ki\-'^P'+-2 I \oj'\'P'-"2{a + J)^-^''^P'duj'. 

The latter is bounded by a constant independent of (6''")i provided 
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The remaining factor can be rewritten and estimated by 



1 



\h{vi-jv)\'''''\fiCi,n)9{^2,r2)\PdCidn'" 



Taking the L?L? -norm of the latter, we arrive at 



Ifci(m-yr?)|-2^p|i/(ei,-)iii.ii5(e2,-)ii^.d6 



^ II/IIl2l?II5|Il2l?> 



where in the last step we have used Holder's inequality (first in rji, then in ki), which requires 

Finally our assumptions on sq, bo and p allow us to choose si properly, so that the conditions 
m and are fulfilled. □ 



An application of Holder's inequality in the r variable gives: 
Corollary 2. Let sq > j, ^<^<|, and b > | + Then the estimate 

\\^i{D-'''u)v)\\qLP < \\u\\xoJv\\xo,,, 

is valid. 

Observe that the estimates in Lemma [7] and Corollary [2] are valid without the general support 
assumption on u and v. This is no longer true for the next Corollary, which is obtained via 
bilinear interpolation between ()44p and Corollary [2j 

Corollary 3. For si^2 ^ 0, with si + S2 > \, there exist b < ^ and p < 2, such that 

(51) II^^II^L, ~ Mxs^bMx,^ ,,, 

and 

(52) \\^{uv)\\qLP < \\u\\x,^Jv\\x,^^,. 

Sketch of proof of Lemma [3 To prove Lemma [1] we now insert Corollary [3] into the framework 
of the proof of Lemma [2j Assuming further on s < 0, we especially take /3 = f + 5, which 
corresponds exactly to our choice in that proof. These arguments are combined with elements 
of the proof of Lemma [H To extract a factor T"' we rely again on the estimate (|43p . The p < 2 
part of Corollary [3] serves to deal with the Y contribution of the Z norm, whenever a is maximal. 
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A corresponding argument can be avoided by a simple Cauchy-Schwarz application in the case, 
where ai is maximal. In this case we rely on the dual version of (I5ip . that is 

ll^^^llx I, ll'ull r2 llf II V ^, 

with si^2 > 0, si + S2 > I and b < ^. Further details are left to the reader. □ 

4. Local Well-posedness 

To state and prove our local well-posedness results we use a cut-off function £ with 
< i;{t) < 1 and 



(53) m 



\t\ < 1 
\t\ > 2. 



For T > 0, we define ipT{t) = ■^(y)- Then our result concerning T x M reads as follows. 

Theorem 3. Let a >2,si> max(| - f,| - f) and S2 > 0. Then, for any uq G H-'^-'^{T xR) 
with zero x-mean, there exist b > ■^j (3 > 0, T = T(||uo||_f/=i''2 ) > and a unique solution u of 
the initial value problem ([T|), defined on [0, T] x T x M and satisfying ipT u £ Xsi,s2,b]P- ^^^■s 
solution is persistent and depends continuously on the initial data. 

In three space dimensions, i. e. for data defined on T X we have the following. 

Theorem 4. Let uq € H^^'^'^{T x M?) satisfy the mean zero condition. Then, 

i. ) if a = 2, si > and S2 > 0, there exist T = T{\\uo\\Hn''>2) > and a unique solution u 

of ([2]) on [0, T] X T X M2 satisfying ipr u e X^^ ,.^ i.i, 

ii. ) if a > 2, si > max {^^, ^-^) and S2 > 0, there exist 6 > i, /? > 0, T = T(||uo||_f/=i'=2) > 

and a unique solution u of 1^ on [0,T] x T x satisfying tpx u G ^si,s2,fe;/3- 
In both cases the solutions are persistent and depend continuously on the initial data. 

The proof of the above theorems follows standard arguments as can be found e. g. in [1], [3], 
or [12], so we can restrict ourselves to several remarks. The key step is to apply the contraction 
mapping principle to the integral equation corresponding to the initial value problems ([T]) and 
(©, i. e. 







(54) u{t)=e''^(''>no- / e'('-'^1"^''^uu,{t') dt' , 

Jo 

more precisely, to its time localized version 

(55) u{t) = Mt)e''^^''^no - Mt) f e'<^'-''^^^''^T{t>{t')iPT{t')Mt') dt' =: $(n(t)). 
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Combining the linear estimates for X^^b-spaces (see e. g. 0] Lemma 2.1]), which are equahy 
vahd for the spaces Xcj^^^j^fe;^, with the biUnear estimates from the previous section, one can 
check that the mapping $ defined in ([55]) is a contraction from a cfosed ball Ba C s2,fe;/3) of 
properly chosen radius a, into itself. Here, a contraction factor T''', 7 > 0, is obtained 

• either from the linear estimate for the inhomogeneous equation, which works for 6 > ^, 
corresponding to a > 2, 

• or from the bilinear estimates as in Lemma [T] and in Lemma HJ which is necessary in the 
limiting case, where a = 2 and b = —b' = |. 

The persistence of the solutions obtained in this way follows from the embedding -^^s^^sj.fe;/? 
C(M, H'^'^'^^), as long as 6 > ^, while for b = ^ this is a consequence of [H Lemma 2.2]. Concerning 
uniqueness (in the whole space) and continuous dependence we refer the reader to the arguments 
in \12\ Proof of Theorem 1.5]. 

Appendix A. Failure of regularity of the flow map in T x M 

We present in this appendix a type of ill-posedness result which shows that, in T x M, our 
local well-posedness theorem of the previous section is optimal (except for the endpoint), as far 
as the use of the Picard iterative method based on the Duhamel formula goes. The result states 
that the data to solution map fails to be smooth at the origin, more specifically fails to be C^, 
for the Sobolev regularities precisely below the range of the local existence theorem proved in 
the previous section, i.e. for s < | — ^. Because the Picard iteration method applied to the 
Duhamel formula yields, for small enough times, an analytic data to solution map, this lack of 
smoothness of the flow map excludes the possibility of proving local existence by this scheme, 
at the corresponding lower regularity Sobolev spaces. 

This proof is due to Takaoka and Tzvetkov, in an unpublished manuscript [18] which, for 
completeness and due to its unavailability elsewhere in published form, is being reproduced here. 
It is done there for a = 2, which is the only case studied by the authors in that manuscript, 
but our adaptation for any a > 2 is obvious. Their proof is inspired by the considerations 
of Bourgain in [2], section 6, where an analogous ill-posedness result is proved for the KdV 
equation, for s < —3/4, and it is equally similar to N. Tzvetkov's own result, also for the KdV 
equation, in [19] . 

Theorem 5. Let s < | — ^. There exists no T > such that ([T]) admits a unique local solution 
defined on [—T,T], for which the data to solution map, from H^{T x M) to H^{T x M) given by 
uq u{t), t G [—T,T], is difjerentiable at zero. 
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Proof. Just as is done in [2\ and yL9j, consider, for w E H^{T x M) and 5 G M, the solution 
u = u{6, t, X, y) to the Cauchy problem 



(56) 



dtu — \Dx\'^dxU + ^dyU + udxU = 0, 



^u{6,0,x,y) = 6w{x,y). 
Then, u satisfies the integral equation 



u{5, 0, X, y) = Se'^^'-^^w - / e^(*-*')<^(^) ud^u dt' 



If, for a sufficiently small interval of time [— T, T], the data to solution map of (j56p is of class 



at the origin, it yields a third order derivative Sw, at 5 = 0, with the property of being 



bounded multilinear operator from (iJ*(T x M)f to i/*(T x M), for any t G [-T,T]. Exphcit 
formulas can be easily computed 



du 

85 |5=o 



it<t>(D) 



+00 



V 9(5 1 5=0 



= y |^g»(x(fci+fc2)+i;(r?i+>72)) g»*(<Ao(fci+fc2)- '''4+J,^^' ) 

(^1 + k2) -J w{ki,ri2)w{k2,r]2) >dr]idr]2, 

where Ti = {{ki,k2) G : fci / 0, fca / 0, fci + A;2 / 0} and 

A:=A{ki,k2,Vi,m) = 4>{^i) + 4>{^2) - HCi + C2) 

= Mki) + Mk2) - f - f - Mki + k2) + ^X^^ll 
Finally, the third derivative, at (5 = 0, is given by 

86^ 1 5=0 



^\d6 1 5=0 86'^ 1 5=0 



('?l+'72+'73)^ 
2 + fc3 



r2 



{ki + k2){ki + k2 + k3 



A 



Jt{A+B) _ 



AtB 



1 



A + B B 

w{ki,rii)w{k2,r]2)w{k3,ri3) \dr]idr]2dr]3, 
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where A is still defined as above, and now 

73 
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Ta = {ih,k2,h) £ : kj ^ 0, j = 1, 2, 3, ki + k2 ^ 0, ki + k2 + k^ ^ 0}, 



and 



B := B{ki, k2, A;3, r/i, r?2, %) = H^s) + H^i + 6) " H^i + 6 + 6) 

= 00(^3) - ^ + ^0(/ci + ^2) - - ^0(^1 + ^2 + ^3) + ^^^^^^^3 

It will be shown now that, for s < | — ^, the necessary boundedness condition 



(57) 



d6'^ \5=o 



^ ll^ll/f^i(TxR)' 



fails for any t ^ 0, by using a carefully chosen function w. 
For that purpose, set 



W = Wn 



where /? is to be chosen later, sufficiently small, and ^ 1. Its Fourier transform is simply 
ffiven by wlvik, r?) = y i i (ri) if k = zizN, and zero otherwise. 



To estimate 



aF|5=o 



from below note that the main contribution to it comes from 



a combination of frequencies {kj,7^j) E suppST/v, j = 1,2,3, such that the term A + B \s small 
(see [2] and [19] for very similar reasoning). The k frequencies necessarily always have to satisfy 
the relation ki = k2 = ±-/V, so that the least absolute value for ^ + i? is achieved when fcs has 
the opposite sign as ki and /c2) i-e. k^ = ^N. In this situation, a cancellation of the expression 

4>o{ki) + 0o(^2) + (poiks) - (t)o{ki + k2 + /cs), 
is obtained, so that we get 

\A{ki,k2, 111,1^2) + B{ki,k2,k3,r]i,r]2,V3)\ ^ P, 
and if /3 is chosen very small, 

A + B ~ 

Also 



\A(ki,k2,Vi,m)\ ~ N 



a+l 
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Therefore, one can derive the estimate 

85^ \5=o 



□ 



whereas, clearly ||u;Ar||j:^s(TrxR) < N^+l. 

We thus conclude that, for t 7^ 0, (fSTI) fails for s < | — ^. 

A direct proof of the impossibility of determining a space Xt, continuously embedded in 
C{[—T,T],H^{T X M)), where the required estimates to perform a Picard iteration on the 
Duhamel formula hold, is given below. 



Theorem 6. Let s < 



3 _ a 

4 2 ■ 



There exists no T > and a space Xt, continuously embedded in 



C{[—T,T],H^(T X M)), such that the following inequalities hold 
(58) \\e''^^''^uo\\xr<\\uo\\HsiJxR), uo£H'{Tx 



and 
(59) 



< 



u,v £ Xt- 



Thus, it is not possible to apply the Picard iteration method, implemented on the Duhamel 
integral formula, for any such space X'~p . 



Proof. If there existed a space Xt such that ([58]) and (j59[) were true, then 



I- Jo 



dt' 



< 



On the other hand, because Xt is continuously embedded in C{[—T,T],H^{T x M)) we would 
also have 



sup 

tG[-T,T] 



< 



from which we would conclude that, for any t £ [— T, T], and any uq £ H^{T x M) the following 
inequality would hold: 



L Jo 



dt' 



^ II^oIIhs(TxI 



But choosing uq as the function w of the previous proof, we know that this estimate cannot hold 
true if s < I - |. □ 
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